We present a fully differential next-to-next-to-leading order calculation of charm quark production in charged-current deep-inelastic scattering, with full charm-quark mass dependence. The next-tonext-to-leading order corrections in perturbative quantum chromodynamics are found to be comparable in size to the next-to-leading order corrections in certain kinematic regions. We compare our predictions with data on dimuon production in (anti-)neutrino scattering from a heavy nucleus. Our results can be used to improve the extraction of the parton distribution function of a strange quark in the nucleon.
Introduction. Charm-quark (c) production in deepinelastic scattering (DIS) of a neutrino from a heavynucleus provides direct access to the strange quark (s) content of the nucleon. At lowest order, the relevant partonic process is neutrino interaction with a strange quark, νs → cX, mediated by weak vector boson W exchange. Another source of constraints is charm-quark production in association with a W boson at hadron colliders, gs → cW . The DIS data determine parton distribution functions (PDFs) in the nucleon whose detailed understanding is vital for precise predictions at the Large Hadron Collider (LHC). The strange quark PDF can play an important role in LHC phenomenology, contributing, for example, to the total PDF uncertainty in W or Z boson production [1, 2] , and to systematic uncertainties in precise measurements of the W boson mass and weak-mixing angle [3] [4] [5] . It is estimated that the PDF uncertainty of the strange quark alone could lead to an uncertainty of about 10 MeV on the W boson mass measurement at the LHC [6] . From the theoretical point of view it is important to test whether the strange PDFs are suppressed compared to those of other light sea quarks, related to the larger mass of the strange quark, as suggested by various models [7] [8] [9] , and to establish whether there is a difference between the strange and anti-strange quark PDFs.
In this Letter we report a complete calculation at nextto-next-to-leading-order (NNLO) in pertubative quantum chromodynamics (QCD) of charm-quark production in DIS of a neutrino from a nucleon. Our calculation is based on a phase-space slicing method and uses fullydifferential Monte Carlo integration. It maintains the exact mass dependence and all kinematic information at the parton level. The NNLO corrections can change the cross sections by up to 10% depending on the kinematic region considered. Our results show that the next-toleading order (NLO) predictions underestimate the perturbative uncertainties owing to accidental cancellations at that order. Our calculation is an important ingredient for future global analyses of PDFs at NNLO in QCD, especially for extracting the strange quark PDFs. The results can also be used to correct for acceptance in experimental analyses. In this Letter, we show comparisons of our results with data from the NuTeV and NOMAD collaborations [10, 11] , indicating that once the NNLO corrections are included slightly higher strangeness PDFs are preferred in the low-x region than those based on a NLO analysis.
Ours is the first complete NNLO calculation of QCD corrections to charm-quark production in weak chargedcurrent deep inelastic scattering. In all current analyses which include charm-quark production data in neutrino DIS, the hard-scattering cross sections are calculated only at NLO [12] [13] [14] without including an estimation of the remaining higher-order perturbative uncertainties. Approximate NNLO [15] results are available for very large momentum transfer. However, for neutrino DIS experiments [10, 11, 16, 17] , the typical momentum transfer is small and the exact charm-quark mass dependence must be kept [15, 18] . Recently O(α 3 s ) results [19] became available for structure function xF 3 at large momentum transfer.
In the remaining paragraphs we outline the method used in the calculation, present our numerical results showing their stability under parameter variation, and then compare with data in the kinematic regions of the experimental acceptance.
Method. The process of interest is the production of a charm quark in DIS,
, where X represents the final hadronic state excluding the charm quark. We work in the region where the momentum transfer
is much larger than the perturbative scale Λ 2 QCD and perturbative QCD can be trusted. The calculation of QCD corrections beyond LO requires proper handling of divergences in loop and phase space integrals which must be canceled consistently to produce physical results. Methods based on subtraction [20, 21] or phase-space slicing [22] have been shown to be successful at NLO. The NNLO case is less well developed, although several methods have been proposed [23] [24] [25] [26] [27] [28] [29] . For this calculation we employ phase-space slicing at NNLO [30] , which is a generalization of the q T -subtraction concept of Catani and Grazzini [25] . Specifically, we use N-jettiness variable of Stewart, Tackmann and Waalewijn [31] to divide the final state at NNLO into resolved and unresolved regions. Phase-space slicing based on this observable is also dubbed the N-jettiness subtraction. For recent applications of N-jettiness subtraction, see Refs. [32, 33] . We define
where m c denotes the charm quark mass, n = (1, 0, 0, 1) specifies the direction of the incoming hadron in the center of mass frame, andn = (1, 0, 0, −1) denotes the opposite direction. Following Ref. [34] , we call τ 0-jettiness in this work. We refer to the region τ ≪ 1 as unresolved, while the region τ ∼ 1 as resolved. We discuss the calculation of cross section in these two regions separately.
In the unresolved region, p X · p n ∼ 0, i.e., p X consists of either soft partons, or hard partons collinear to incoming hadron, or both. Using the machinery of softcollinear effective theory (SCET) [35] [36] [37] [38] , one may show that the cross section in this region obeys a factorization theorem [39, 40] :
whereσ 0 (z) is the LO partonic cross section for the reaction
is the hard Wilson coefficient obtained from matching QCD to SCET. It encodes all the short distance corrections to the reaction. Collinear radiation and soft radiation are described by the beam B q (τ n , z, µ) and soft functions S(τ s , n·v, µ). At LO they have the simple form
where f s/N (z, µ) is the PDF.
The factorization formula Eq. (2) provides a simplified description of the cross section, fully differential in the leptonic part and heavy quark part, and correct up to power corrections in τ . The 0-jettiness parameter τ controls the distance away from the strictly unresolved region, τ = 0. In fixed order perturbation theory, dσ/dτ diverges as α k s ln 2k−1 τ /τ , as a result of incomplete cancellation of virtual and real contributions. The strength of SCET approach to describing the unresolved region is that each individual component in the factorization formula Eq. (2) has its own operator definition and can be computed separately.
All the ingredients needed in this Letter have been computed through two loops for different purposes. Specifically, the hard Wilson coefficient can be obtained by crossing the corresponding hard Wilson coefficient calculated for b → uW − decay [41] [42] [43] [44] . The two-loop soft function and beam function have been calculated in Refs. [45, 46] . After substituting the two-loop expressions for the individual components into Eq. (2), we obtain the desired two-loop expansion of the cross section in the unresolved region [40] .
In the resolved region, besides the beam jet, there is at least one additional hard jet with large recoil against the beam. While we don't have a factorization formula in this region, the soft and collinear singularities are relatively simple. Owing to the presence of the hard recoil jet, there is at most one parton which can become soft or collinear. A singularity of this sort can be handled by the standard methods used at NLO. The relevant ingredients are a) one-loop amplitudes for charm plus one jet production which we take from [47] and cross check with GoSam [48] , b) the tree-level amplitudes for charm plus two jet production [49] , and c) NLO dipole subtraction terms [50] for canceling infrared singularities between one-loop and tree-level matrix elements.
After introducing an unphysical cutoff parameter δ τ , we combine the contributions from the two phase space regions,
Power corrections in δ τ come from the use of factorization formula in the unresolved region. In order to suppress the power corrections, a small value of δ τ is required. On the other hand, the integrations in both the unresolved and resolved regions produce large logarithms of the form α k s ln 2k δ τ at N k LO. The integral over τ can be done analytically in the unresolved region. In the resolved region, the large logarithms of ln δ τ result from numerical integration near the singular boundary of phase space, resulting in potential numerical instability. A balance has to be reached between suppressing power corrections in δ τ and reducing numerical instability.
Numerical results. We first present our numerical results for the total cross section. We use CT14 NNLO PDFs [51] with N l = 3 active quark flavors and the associated strong coupling constant. We use a pole mass m c = 1.4 GeV for the charm quark, and CKM matrix elements |V cs | = 0.975 and |V cd | = 0.222 [52] . The renormalization scale is set to µ 0 = Q 2 + m 2 c unless otherwise specified. In Fig. 1 we plot the NNLO corrections to the reduced cross section [16] of charm-quark production in DIS of neutrino on iron, as a function of the phasespace cutoff parameter δ τ . In the upper panel of Fig. 1 we show three separate contributions to the NNLO corrections: the double-virtual part (VV) contributing below cutoff region, the realvirtual (RV) and double-real (RR) parts contributing to above cutoff region. Although the individual contribution vary considerably with δ τ , the total contribution is rather stable and approaches the true NNLO correction when δ τ is small. The cancellation of the three pieces is about one out of a hundred. In the lower panel of Fig. 1 , we show the full NNLO correction as well as its dominant contribution from the gluon channel. Corrections from production initiated by the strange quark or down quark through off-diagonal CKM matrix elements, and all other quark flavors, are small comparing to the gluon channel. The error bars indicate the statistical errors from MC integration and the smooth line is a least-χ 2 fit of the dependence of the correction on δ τ . As expected the correction is insensitive to the cutoff when δ τ is small. We find optimal values of δ τ about 10 −4 ∼ 10 −3 for which the power corrections are negligible while preserving MC integration stability. According to our fitted results the remaining power corrections there are estimated to be only a few percents of the NNLO correction itself. nuclear corrections, electroweak corrections, or target-mass corrections. They should be considered when comparing to experimental data and can be applied separately from the perturbative QCD corrections shown here.
In neutrino DIS experiments, differential cross sections presented in terms of the Bjorken variable x or the inelasticity y. We examined the NLO and NNLO QCD corrections to the differential cross section in x for neutrino scattering on iron, observing that the NNLO corrections are comparable to the NLO corrections in the low-x region. When computing the LO, NLO, and NNLO cross sections throughout this paper, we consistently use the same NNLO CT14 PDFs [51] in order to focus on effects from the matrix elements at the different orders. Decomposing the full corrections into different partonic channels, we found that the perturbative convergence is well maintained at NNLO for gluon or quark channels individually [40] . The NNLO correction to quark channel is much smaller than at NLO, and the NNLO correction to gluon channel is also below half of the NLO correction. However, at NLO there is large cancellation between the gluon and quark channels in the small x region. We regard this cancellation accidental in that it does not arise from basic principles but is a result of several factors. A similar cancellation has also been observed in the calculation for t-channel single top quark production [53] .
In Fig. 2 , we display the scale variation envelope of the LO, NLO, and NNLO calculations for the differential distribution in x, normalized to the LO prediction with nominal scale choice. The bands are calculated by varying renormalization and factorization scales together, µ R = µ F = µ, up and down by a factor of two around the nominal scale µ 0 , avoiding going below the charm-quark mass. At low-x the NLO scale variation underestimate the perturbative uncertainties owing to the accidental cancellations mentioned in the previous paragraph. The NLO scale variations do not reflect the size of the cancellations between different partonic channels. The NNLO scale variations give a more reliable estimation of the perturbative uncertainties and also show improvement at high-x compared with the NLO case. Comparisons with data. We turn to an examination of the effects of the NNLO corrections in the kinematic regions of two specific neutrino DIS experiments. The first is the NuTeV collaboration measurement of charm (anti-)quark production from (anti)neutrino scattering from iron [10, 16] . They measure the cross sections for dimuon final states, where one of the muons arises from the primary interaction vertex and the other one from semileptonic decay of the produced charmed hadron. Kinematic acceptance and the inclusive branching ratio to a muon are applied to convert the dimuon cross sections to cross sections of charm (anti-)quark production at the parton level. These dimuon data from NuTeV have been included in most of the NNLO fits of PDFs and have played an important role in constraning strangeness PDFs. The data are presented as doubly-differential cross sections in x and y. In Fig. 3 we show a comparison of theoretical predictions with the data for neutrino scattering with y = 0.558, for several values of x. As expected, the NLO calculations generally agree with the data since the same data and the same NLO theoretical expressions are used in the CT14 global analyses [51] . The NNLO corrections are negative in the region of the data and can be as large as 10% of the NLO predictions, as shown in lower panel of Fig. 3 . Based on this comparison, we expect that once the NNLO corrections are included in the global analyses fits, the preferred central values of strange-quark PDFs will be shifted upward. The shift represents one of the theoretical systematics that has not yet been taken into account in any of current global analyses. The second set of data is from the NOMAD collaboration measurement of neutrino scattering from iron [11] . They present ratios of dimuon cross sections to inclusive charged-current cross sections R µµ ≡ σ µµ /σ inc instead of converting the dimuon cross sections back to charmquark production. The measurement is done with a neutrino beam of continuous energy peaked around 20 GeV. A Q 2 cut of 1 GeV 2 has been applied. In Fig. 4 we show our comparisons of predictions to data as a function of x. Here we consistently use the NNLO results for σ inc in the denominator of the ratio, obtained from the program OPENQCDRAD [54, 55] . By LO, NLO, and NNLO in the figure we refer to our calculations of the dimuon cross sections in the numerator of the ratio. The NLO calculations generally agree with data although these data are not included in the CT14 global analyses. The NNLO corrections are negative and can reach about 10% of the LO cross sections in the low-x region covered by the data. At high x the NNLO corrections are only a few percent and become positive. The NNLO corrections in Fig. 4 are generally larger than the experimental errors. Thus, they can be very important for extracting strange-quark PDFs in analyses with NOMAD data included. We also plot the scale variation bands in lower panel of Fig. 4 . The trends are similar to ones in Fig. 2 . The NLO predictions underestimate the perturbative uncertainty. It can still reach ±5% at NNLO in the low-x region and can be reduced once even higher order corrections are included. Summary. We present the first complete calculation of NNLO QCD corrections to charm-quark production in weak charged-current deep inelastic scattering. The calculation is fully differential based on a generalization of phase-space slicing to NNLO in QCD. 
